We review two rigorous results on the transport properties of weakly interacting fermionic systems on 2d lattices, in the linear response regime. First, we discuss the universality of the longitudinal conductivity for interacting graphene. Then, we focus on the transverse conductivity of general weakly interacting gapped fermionic systems, and we establish its universality. This last result proves the stability of the integer quantum Hall effect against weak interactions. The proofs are based on combinations of fermionic cluster expansion techniques, renormalization group and lattice Ward identities.
INTRODUCTION
Two-dimensional condensed matter systems often present remarkable transport properties. A paradigmatic phenomenon is the integer quantum Hall effect (IQHE): when exposed to strong transverse magnetic fields, ultrathin samples of suitable materials display a quantized transverse (or Hall) conductivity, σ 12 . Namely, σ 12 only takes integer values, in units of
with e the electric charge and h Planck's constant. This phenomenon was experimentially discovered in [26] , and elicited enormous interest in the theoretical physics community.
By now, the understanding of the IQHE for noninteracting particles (with or without disorder) reached a deep mathematical level [1, 2, 4, 6] . For translation invariant lattice models the quantization of σ 12 has a beautiful topological explanation: the Hall conductivity, as given by Kubo formula, is equal to the first Chern number of a suitable bundle (the Bloch bundle), defined starting from the Bloch functions of the system [2] . Later, this result has been extended to disordered systems, where the lack of translation invariance makes the analysis much harder. This was first done in [6] using noncommutative geometric methods, and then in [4] using a functional analytic approach (see also [1] ).
Another interesting example of charge transport in 2d is provided by graphene. Graphene is a recently discovered material, that consists of a single monoatomic layer of graphite. It is the first realization of a stable (quasi-)2d crystal, and has unique structural and electronic properties. For instance, at low temperature its longitudinal conductivity σ 11 appears to be equal to
, with very high precision [30] . That is, σ 11 only depends on fundamental constants; it does not appear to be sensitive to lattice details, or to interactions among charge carriers.
From a theoretical viewpoint, this experimental observation agrees with the explicit computation of σ 11 performed starting from the Kubo formula for a noninteracting lattice model [31] . Remarkably, the result is the same as obtained for the continuum (or "relativistic") approximation of the lattice model, which is obtained by linearizing the energy-momentum dispersion relation close to the Fermi energy.
Many-body interactions are unavoidably present in real samples, and it is therefore important to understand their effect from a theoretical viewpoint. Concerning the IQHE [3] , a mechanism for quantization in the presence of interactions has been proposed in [16, 17] . It is based on the study of the effective actions of nonrelativistic many-body quantum systems, in the limit of low frequencies and long wavelengths. An important assumption in this approach is the incompressibility of the system: the interacting ground state is separated by the rest of the spectrum by a gap. From a mathematical viewpoint, the quantization of σ 12 has been recently proven in [23] , for interacting particles on a torus. The proof holds for incompressible systems with nondegenerate ground state. These assumptions, however, are unproven in most of the physically relevant cases; exceptions are quantum perturbations of classical systems [13, 14] , and "frustration free" systems [10] .
Concerning graphene, the effect of many-body interactions on the optical conductivity generated a debate in the theoretical physics literature [24, 29] . Analyses based on lowest order perturbation theory and on effective continuum models gave rise to predictions that appeared to be sensitive to the details of the regularization schemes, and therefore were far from providing a conclusive explanation of the universality of σ 11 .
Here we review two theorems on the transport properties of interacting 2d lattice models. In Section 2 we prove the universality of the longitudinal conductivity of graphene, in the presence of weak many-body interactions. Then, in Section 3 we prove the universality of the transverse conductivity for general weakly interacting gapped fermionic systems. This proves, in particular, the stability of the IQHE against weak interactions. The methods used are combinations of rigorous renormalization group (RG), fermionic cluster expansion and lattice Ward identities.
UNIVERSALITY OF THE OPTICAL CONDUCTIVITY IN GRAPHENE
Let Λ L be the triangular lattice:
. We assume periodic boundary conditions. The honeycomb lattice of graphene can be thought as the superposition of two triangular sublattices, Λ
L + δ 1 with δ 1 = (1, 0). With each site x ∈ Λ L we associate fermionic creation/annihilation operators, ψ ± x,ρ,σ , with ρ ∈ {A, B} the sublattice label and σ ∈ {↑, ↓} the spin label. The fermionic operators satisfy the usual canonical anticommutation relations. The Fock space Hamiltonian reads:
with n x,ρ,σ = ψ + x,ρ,σ ψ − x,ρ,σ the density operator, and t > 0 the hopping parameter. H L is the Hamiltonian of the Hubbard model on the honeycomb lattice [19] :
L describes the nearest-neighbour hopping, and V L is an on-site density-density interaction. The factors −1/2 ensure that H L is hole-particle symmetric. The single-particle Hamiltonian reads, in the infinite volume limit:
where Ω( k) = 1 + e −i k· ℓ 1 + e −i k· ℓ 2 vanishes on only two points on the Brillouin zone B ≃ T 2 , the Fermi points k
, which gives rise to an asymptotic "relativistic" dispersion close to k ± F . The Gibbs state associated with this model is:
where: the trace is over the fermionic Fock space F L , µ is the chemical potential and N L is the number operator. We shall fix µ = 0: this imposes the half-filling condition (thanks to the hole-particle symmetry of H L ). In this situation, the Fermi surface is given by only two points, k ± F . We define the current operator as:
where
are the vectors connecting each site on the A-sublattice with the three nearest neighbours on the B-sublattice. Notice that in the infinite volume limit the current (2.5) is simply i H ∞ , X , with X the second quantization of the position operator.
For t ∈ [0, β), let J(t) := e tH L Je −tH L be the imaginary-time evolution of J, andĴ(ω) := β 0 dt e iωt J(t) with Matsubara frequency ω ∈ (2π/β)Z. The conductivity matrix is defined according to Kubo formula [27] :
whereK ij (ω) is the ground-state current-current correlation function:
with T the fermionic time-ordering and A = 3 √ 3/2 the area of the fundamental cell on the honeycomb lattice. Eq. (2.6) can be understood as the analytic continuation to imaginary times of the first term in the adiabatic expansion of the expectation of J in the presence of a weak, slowly varying external field (see next section). The following result [20, 21] gives a rigorous justification for the experimentally observed universality of the optical conductivity of graphene [30] .
Theorem 2.1 [Universality of conductivity for interacting graphene.] The exists U 0 > 0 such that for |U| < U 0 the conductivity matrix is analytic in the interaction U, and it is given by (restoring e and h):
Remarks.
(i) Notice that ifK ij (ω) was differentiable in ω then σ ii would be zero, simply becausê K ii (ω) =K ii (−ω) and the limit in Eq. (2.6) would reconstruct the derivative at ω = 0. Instead,K ij (ω) is only continuous in ω; as one can easily check already in the absence of interactions, replacing the limit in Eq. (2.8) with the derivative would give rise to a logarithmic divergence.
(ii) The proof relies on a combination of multiscale analysis, fermionic cluster expansion and RG. Rigorous RG methods have been successfully applied to condensed matter physics in the last 30 years, starting from [9, 15] (see [28] for a review). Recently, these methods have been used to prove the analyticity of the ground-state correlation functions for the Hubbard model on the honeycomb lattice [19] . The main feature of this model with respect to usual 2d systems is the point-like nature of the Fermi surface, together with the vanishing of the density of states at the Fermi points; these facts ultimately imply that the interaction is irrelevant in the RG sense.
(iii) The key ingredient in the proof of the universality of conductivity is gauge invariance. Lattice Ward identities allow to detect a crucial cancellation between the renormalized parameters of the emergent relativistic theory, which arises in the RG flow. A similar strategy has been used to prove universal scaling relations in 1d systems [7, 8, 28] .
INTEGER QUANTUM HALL EFFECT FOR WEAKLY INTERACTING SYSTEMS
Let Λ L be a 2d periodic Bravais lattice, as in Eq. (2.1) but with general linearly independent basis vectors ℓ 1 , ℓ 2 . We consider interacting Hamiltonians of the form: 
L is self-adjoint), and that
decay faster than any power in x L , with · L the distance on the torus. Also, we assume that the Bloch HamiltonianĤ
is gapped, and we put the Fermi energy µ in the gap:
For U = 0 the conductivity matrix, as given by Kubo formula, has the form [2, 32] :
The quantization of σ 12 has a topological interpretation [2] ; in particular, the value of σ 12 is stable against perturbations that do not close the spectral gap. It is natural to ask whether stability holds also against weak many-body interactions. The following theorem proves that this is indeed the case [22] .
Theorem 3.1 [Stability of IQHE for weakly interacting systems.] The exists U 0 > 0 such that for |U| < U 0 the conductivity matrix is analytic in the interaction U, and it is given by:
In particular (restoring e and h) σ ii = 0 and σ 12 = −σ 21 ∈ (e 2 /h)Z.
(i) The preliminary step in the proof is to construct the Gibbs state, in the β, L → ∞ limit, for U small. This is done via standard fermionic cluster expansion and determinant bounds [5, 11, 18] . As a result, the Gibbs state is analytic for |U| < U 0 , with U 0 → 0 as δ µ → 0. In specific cases the estimate on U 0 could be improved using RG; we will not discuss this issue here.
(ii) Universality follows from a rigorous, nonperturbative formulation of some key ideas of [12, 25] . It turns out that Ward identities can be used to show that all the contributions of order n ≥ 1 in U toK ij (ω) are quadratic in ω (plus a constant part). This, together with the analyticity in U ofK ij (ω) and its differentiability in ω (also implied by (3.2)) gives the desired result.
Finally, in the present case it is also possible to reconstruct the real-time Kubo formula starting from (2.6); that is, the Wick rotation can be rigorously proved [22] . We set Λ ≡ Λ ∞ , H ≡ H ∞ , and X i := x∈Λ σ∈I x i n x,σ . (ii) The proof is based on Cauchy's and Vitali's theorems for analytic functions, on suitable bounds for correlations at complex times and on Lieb-Robinson bounds (LR); in particular, the construction of the Gibbs state together with LR bounds allows to prove the existence of the correlations at real times, as β, L → ∞.
